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Abstract
Let Γ be a directed locally finite vertex-symmetric graph such that the underlying graph Γ is
connected. We prove that, in the case Γ is infinite, there exists a positive integer k, depending only
on min{deg+(Γ ), deg−(Γ )}, such that for any positive integer n there exists a directed path of Γ of
length not greater than kn2 whose initial and terminal vertices are at distance n in the graph Γ . We
also prove an analogous result in the case Γ is finite and n < diam(Γ )2 + 1. The results are deduced
from certain isoperimetric type inequalities for cones in Γ .
© 2005 Elsevier Ltd. All rights reserved.
1. Introduction
Let Γ be a directed locally finite vertex-symmetric graph such that the underlying graph
Γ is connected. For each non-negative integer n < diam(Γ ), let αΓ (n) be the greatest
integer such that the initial and the terminal vertices of any directed path of Γ of length not
greater than αΓ (n) are at distance not greater than n in the graph Γ (equivalently, αΓ (n) is
the smallest integer such that there exists a directed path of Γ of length αΓ (n) + 1 whose
initial and terminal vertices are at distance n + 1 in the graph Γ ). The function αΓ (n) is an
interesting geometric characteristic of the graph Γ . In the case Γ is infinite, the function
αΓ (n) has an obvious exponential upper bound and supposedly must have a linear upper
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bound (see a discussion in Section 5). In this paper we prove that, in the case Γ is infinite,
there exists a positive integer k, depending only on min{deg+(Γ ), deg−(Γ )}, such that
αΓ (n) ≤ kn2 for all positive integers n (see Theorem 5.1). We also prove an analogous
result in the case Γ is finite and n < diam(Γ )2 + 1 (see Theorem 5.1). The proofs of these
results are based on certain isoperimetric type inequalities for cones in directed vertex-
symmetric graphs (see Theorem 4.1). These inequalities are also of independent interest.
The considered problem on upper bounds for αΓ (n) is an important special case of
the following general problem: For a finite proper subset X of V (Γ ) and for x ∈ X , find
the minimum of lengths of directed paths of Γ whose initial vertices coincide with x and
whose terminal vertices are not in X . The results of the paper are of certain interest in few
contexts including random walks on directed graphs, flows in directed graphs and dynamics
of multivalued mappings. They are also of interest in the geometric group theory. Observe
that, if Γ is the directed Cayley graph of a group G defined by a generating set {g1, . . . , gd}
of G, then αΓ (n) + 1 is the length of a shortest word in the alphabet {g1, . . . , gd}
determining an element of G of length n + 1 with respect to {g1, g−11 , . . . , gd , g−1d }.
The case of infinite graphs was the main one for us. Our results for finite graphs are
analogous to our results for infinite graphs. It seems that the case of finite graphs admits a
more detailed consideration. It should be also mentioned that we did not try too hard to get
the best possible constants in inequalities in our results.
2. Terminology and preliminary results
In this paper, the following terminology is used.
For a directed graph Γ , V (Γ ) is the vertex set of Γ , and E(Γ ) ⊆ (V (Γ ) × V (Γ )) \
diag(V (Γ )×V (Γ )) is the edge set of Γ . As usual, for (x, y) ∈ E(Γ ), x is the initial vertex
and y is the terminal vertex of the edge (x, y). For x ∈ V (Γ ) and for a non-negative integer
n, Γ n(x) is the set of the terminal vertices of directed paths of Γ of length not greater than
n with the initial vertex x (i.e., the n-cone in Γ with respect to x). In addition,
Γ∞(x) :=
⋃
n≥0
Γ n(x).
As usual, if Γ is a regular directed graph (i.e., if the out-degrees of all vertices of
Γ coincide and the in-degrees of all vertices of Γ also coincide), then the out-degree
(respectively in-degree) of an arbitrary vertex of Γ is called the out-degree (respectively
in-degree) of the graph Γ and denoted by deg+(Γ ) (respectively deg−(Γ )).
The automorphism group of a directed graph Γ is denoted by Aut(Γ ).
For an undirected graph∆, V (∆) is the vertex set of∆, E(∆) is the edge set of∆, and
d∆(., .) is the natural distance on V (∆) (whose values are non-negative integers or ∞).
For x ∈ V (∆) and an integer n, ∆n(x) := {y ∈ V (∆)|d∆(x, y) ≤ n}. For X ⊆ V (∆),
diam∆(X) is the supremum of the distances in ∆ between any pairs of vertices in X . (As
usual, in the paper we accept that ∞ + n = n + ∞ = ∞ + ∞ = ∞ > n for any integer
n.) We also put diam(∆) := diam∆(V (∆)). As usual, if∆ is regular (i.e., if the degrees of
all vertices of ∆ coincide), then the degree of an arbitrary vertex of ∆ is called the degree
of the graph∆ and denoted by deg(∆).
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The automorphism group of an undirected graph∆ is denoted by Aut(∆).
For a directed graph Γ , Γ is the underlying undirected graph (i.e., the undirected graph
with the vertex set V (Γ ) = V (Γ ) and the edge set E(Γ ) = {{x, y} ⊆ V (Γ )|(x, y) ∈
E(Γ ) or (y, x) ∈ E(Γ )}).
A directed (respectively undirected) graph is locally finite if in- and out-degrees
(respectively degrees) of all its vertices are finite, and is vertex-symmetric if its
automorphism group is vertex-transitive.
If G is a group of automorphisms of a graph and x is a vertex of the graph, then Gx is
the stabilizer of x in G.
For a directed graph Γ and X ⊆ V (Γ ), put
δ+Γ (X) := {(x, y) ∈ E(Γ )|x ∈ X and y ∈ X},
δ−Γ (X) := {(y, x) ∈ E(Γ )|x ∈ X and y ∈ X},
δΓ (X) := δ+Γ (X) ∪ δ−Γ (X),
∂+Γ (X) := {y ∈ V (Γ ) \ X |(x, y) ∈ E(Γ ) for some x ∈ X},
∂−Γ (X) := {y ∈ V (Γ ) \ X |(y, x) ∈ E(Γ ) for some x ∈ X},
∂Γ (X) := ∂+Γ (X) ∪ ∂−Γ (X).
Analogously, for an undirected graph∆ and X ⊆ V (∆), put
δ∆(X) := {{x, y} ∈ E(∆)|{x, y} ∩ X = ∅ = {x, y} ∩ (V (∆) \ X)},
∂∆(X) := {y ∈ V (∆) \ X |{x, y} ∈ E(∆) for some x ∈ X}.
Note that, for a directed graph Γ and X ⊆ V (Γ ),
∂Γ (X) = ∂Γ (X).
In addition, for x ∈ V (Γ ) and each non-negative integer n,
∂+Γ (Γ
n(x)) = Γ n+1(x) \ Γ n(x).
Let Γ be a directed locally finite regular graph, and X be a finite subset of the set V (Γ ).
Then it is easy to see that
deg+(Γ )|X | − |δ+Γ (X)| = deg−(Γ )|X | − |δ−Γ (X)|,
|δ+Γ (X)| ≤ deg−(Γ )|∂+Γ (X)| ≤ deg−(Γ )|δ+Γ (X)|
and
|δ−Γ (X)| ≤ deg+(Γ )|∂−Γ (X)| ≤ deg+(Γ )|δ−Γ (X)|.
In particular, if deg+(Γ ) = deg−(Γ ) = d , then
|δ+Γ (X)| = |δ−Γ (X)| =
|δΓ (X)|
2
,
|∂+Γ (X)| ≤
|δΓ (X)|
2
≤ d|∂−Γ (X)| (2.1)
and
|∂−Γ (X)| ≤
|δΓ (X)|
2
≤ d|∂+Γ (X)|. (2.2)
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Remark 2.1. In some papers boundary operators of a directed graph Γ are defined by
∂˜+Γ (X) := ∂−Γ (V (Γ ) \ X) and ∂˜−Γ (X) := ∂+Γ (V (Γ ) \ X)
for X ⊆ V (Γ ). In the case Γ is a locally finite regular graph, we obviously have
|∂+Γ (X)| ≤ deg+(Γ )|∂˜+Γ (X)|, |∂˜+Γ (X)| ≤ deg−(Γ )|∂+Γ (X)|
and
|∂−Γ (X)| ≤ deg−(Γ )|∂˜−Γ (X)|, |∂˜−Γ (X)| ≤ deg+(Γ )|∂−Γ (X)|
for any finite subset X of the set V (Γ ).
Proposition 2.1. Let Γ be an infinite directed locally finite vertex-symmetric graph such
that the underlying graph Γ is connected. Let X be a finite subset of the set V (Γ ). Then
|∂+Γ (X)| + |∂−Γ (X)| ≥ |∂Γ (X)| ≥
1
diamΓ (X) + 1
|X |.
If, further, deg+(Γ ) = deg−(Γ ) = d, then
min{|∂+Γ (X)|, |∂−Γ (X)|} ≥
1
(d + 1)(diamΓ (X) + 1)
|X |.
Proof. Since ∂+Γ (X) ∪ ∂−Γ (X) = ∂Γ (X) = ∂Γ (X), the first inequality of the proposition
follows from [1, Theorem 4.2] applied to the graph Γ and the subset X of the set V (Γ ).
If deg+(Γ ) = deg−(Γ ) = d , then the first inequality of the proposition, (2.1) and (2.2)
imply the second inequality of the proposition. The proof is completed.
Analogous arguments, based on [1, Theorem 3.2] instead of [1, Theorem 4.2], imply
the following result.
Proposition 2.2. Let Γ be a finite directed vertex-symmetric graph such that the
underlying graph Γ is connected. Let X be a subset of the set V (Γ ) such that diamΓ (X) <
diam(Γ ). Then
|∂+Γ (X)| + |∂−Γ (X)| ≥ |∂Γ (X)| ≥
2
diamΓ (X) + 2
|X |
and
min{|∂+Γ (X)|, |∂−Γ (X)|} ≥
2
(d + 1)(diamΓ (X) + 2)
|X |
where d = deg+(Γ ) = deg−(Γ ).
3. The function αΓ (n)
Let Γ be a directed locally finite vertex-symmetric graph such that the underlying graph
Γ is connected. It is easy to see that, for any finite proper subset X of V (Γ ) and for any
vertex x in X , there exists a positive integer l such that Γ l(x) ⊆ X .
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For each non-negative integer n < diam(Γ ), set
αΓ (n) := max{m|m is a non-negative integer and Γm(x) ⊆ Γ n(x) for x ∈ V (Γ )}
(the number αΓ (n) is independent of the choice of x since Γ is vertex-symmetric). In
addition, set αΓ (n) := ∞ for each integer n ≥ diam(Γ ).
According to the definition,
αΓ (n) ≥ n (3.1)
and
Γ αΓ (n)(x) ⊆ Γ n(x) (3.2)
for any non-negative integer n and x ∈ V (Γ ). In addition, it is easy to see that
αΓ (n
′ + n′′) ≥ αΓ (n′) + αΓ (n′′) (3.3)
for any non-negative integers n′, n′′. In fact, if n′ + n′′ < diam(Γ ) then, by the definition
of αΓ (n′ + n′′), there exists a directed path (x0, x1, . . . , xαΓ (n′+n′′)+1) of Γ such that
dΓ (x0, xαΓ (n′+n′′)+1) > n
′ + n′′. Put r = max{i |xi ∈ Γ n
′
(x0)}. As xr+1 ∈ Γ n
′
(x0),
r ≥ αΓ (n′) holds by the definition of αΓ (n′). At the same time, as xαΓ (n′+n′′)+1 ∈ Γ n
′′
(xr ),
αΓ (n
′ +n′′)−r ≥ αΓ (n′′) holds by the definition of αΓ (n′′). The inequality (3.3) follows.
Let x ∈ V (Γ ), and let n be a positive integer satisfying n < diam(Γ )2 + 1. (Thus n is an
arbitrary positive integer in the case Γ is infinite.) Since Γ is vertex-symmetric, it follows
from the definition of αΓ (2n−2) that there exists a directed path (x0, x1, . . . , xαΓ (2n−2)+1)
of Γ such that dΓ (x0, xαΓ (2n−2)+1) > 2n − 2 and xαΓ (2n−2)+1 = x . We claim
Γ n(x) ⊆
αΓ (2n−2)+1⋃
i=0
(Γ n(xi ) \ Γ n−1(xi )). (3.4)
Let y be an arbitrary vertex of Γ n(x) = Γ n(xαΓ (2n−2)+1). Then, for each 0 ≤ i ≤
αΓ (2n − 2) + 1, there exists a non-negative integer mi such that y ∈ Γmi (xi ) and also
y ∈ Γmi −1(xi ) if mi > 0. Obviously, mi ≤ mi+1 + 1 for all 0 ≤ i < αΓ (2n − 2) + 1.
In addition, mαΓ (2n−2)+1 ≤ n, and m0 ≥ n in the case mαΓ (2n−2)+1 < n (since otherwise
dΓ (x0, xαΓ (2n−2)+1) ≤ m0 + mαΓ (2n−2)+1 ≤ 2n − 2, a contradiction). Thus (3.4) holds.
As a consequence of (3.4), we have the following.
Proposition 3.1. Let Γ be a directed locally finite vertex-symmetric graph such that the
underlying graph Γ is connected. Let n be a positive integer smaller than diam(Γ )2 + 1.
Then
|Γ n(x)| ≤ (αΓ (2n − 2) + 2)|Γ n(x) \ Γ n−1(x)|.
Remark 3.1. Analogous arguments can be used to prove that, if ∆ is an undirected
connected locally finite vertex-symmetric graph and x ∈ V (∆), then
|∆n(x)| ≤ (n + 1)|∆n(x) \∆n−1(x)|
for all positive integers n not greater than diam(∆)2 . In fact, there exists a geodesic
(x0, x1, . . . , x2n) of ∆. For any y ∈ V (∆), we have max{d∆(x0, y), d∆(x2n, y)} ≥ n.
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Hence
2n⋃
i=0
∆n(xi) ⊆
2n⋃
i=0
(∆n(xi) \∆n−1(xi ))
and, in particular,
∆n(x0) ∪∆n(x2n) ⊆
2n⋃
i=0
(∆n(xi ) \∆n−1(xi)).
Since
∆n(x0) ∩∆n(x2n) ⊆ ∆n(x0) \∆n−1(x0)
and ∆ is vertex-symmetric, it follows
2|∆n(x)| − |∆n(x) \∆n−1(x)| ≤ (2n + 1)|∆n(x) \∆n−1(x)|.
This yields the claim. Note that, in the case ∆ is finite, the result also follows from
[1, Theorem 3.2].
One of the purposes of this paper is to get upper bounds for αΓ (n) (whereΓ is a directed
locally finite vertex-symmetric graph whose underlying graph is connected). Supposedly,
in the case Γ is infinite, the function αΓ (n) must have a linear upper bound (see Sections 5
and 6). In Section 5 we obtain a quadratic upper bound for αΓ (n) in the case Γ is infinite
(see Theorem 5.1). In the present Section, we prove that, for graphs Γ from a certain class
containing all Γ with the property deg+(Γ ) = deg−(Γ ), the equation αΓ (n) = n holds
for each non-negative integer n (see Proposition 3.2).
Let Γ be a directed locally finite vertex-symmetric graph such that the underlying graph
Γ is connected, and let x ∈ V (Γ ). Then the group Aut(Γ ) equipped with the topology of
pointwise convergence is a locally compact group, the stabilizer of x in Aut(Γ ) is compact,
and Aut(Γ ) is a closed subgroup of Aut(Γ ) (see [3]). Let G be a closed vertex-transitive
subgroup of Aut(Γ ), and∆G be the modular function of the topological group G. Thus∆G
is the homomorphism of G into the multiplicative group of positive real numbers defined
by
∆G(g) = |Gx : Gx ∩ Gg(x)||Gg(x) : Gx ∩ Gg(x)| =
|Gx(g(x))|
|Gg(x)(x)| =
|Gx(g(x))|
|Gx(g−1(x))| (3.5)
for any g ∈ G. In the case ∆G(g) = 1 for all g ∈ G, the group G is called unimodular.
Since the group G is generated by Gx and the set of elements of G which map x into
Γ
1
(x)\ {x} = ∂+Γ ({x})∪ ∂−Γ ({x}), it follows from (3.5) that G is unimodular if and only if,
for any g ∈ G with g(x) ∈ ∂+Γ ({x}), we have |Gx(g(x))| = |Gx(g−1(x))|, i.e., if and only
if the length of any Gx -orbit on ∂+Γ ({x}) coincides with the length of its paired Gx -orbit on
∂−Γ ({x}). In particular, if deg+(Γ ) = deg−(Γ ), then any closed vertex-transitive subgroup
of Aut(Γ ) is not unimodular.
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Proposition 3.2. Let Γ be a directed locally finite graph such that the underlying graph
Γ is connected. If Γ admits a vertex-transitive group of automorphisms which is closed
in Aut(Γ ) and not unimodular (in particular, if Γ is vertex-symmetric and deg+(Γ ) =
deg−(Γ )), then αΓ (n) = n for all non-negative integers n.
Proof. Let G be a closed in Aut(Γ ) vertex-transitive group of automorphisms of Γ , which
is not unimodular. Let ∆G be the modular function of G. Fix an arbitrary vertex x of
Γ . For each y ∈ Γ 1(x) \ {x}, fix some element gy of G such that gy(x) = y. Put
M := {g±1y |y ∈ Γ 1(x) \ {x}} ∪ {1}. Then
Γ
m
(x) = Mm(x) (3.6)
for any positive integer m. In addition,
G = 〈Gx , M〉. (3.7)
Since Gx is a compact subgroup of G, Gx is contained in the kernel of the homomorphism
∆G . There exists g ∈ M such that ∆G(g) ≥ ∆G(h) for any h ∈ M . Since G is
not unimodular and M = M−1, it follows from (3.7) that ∆G(g) > 1. For each non-
negative integer i , put xi = gi (x). Then, for any non-negative integer n, (x0, x1, . . . , xn+1)
or (xn+1, xn, . . . , x0) is a directed path of Γ . In particular, dΓ (x0, xn+1) ≤ n + 1. If
dΓ (x0, xn+1) ≤ n for some non-negative integer n, then (3.6) implies xn+1 = g′(x0) for
some g′ ∈ Mn . Now, by the choice of g, ∆G(g′) ≤ ∆G(g)n < ∆G(g)n+1 = ∆G(gn+1).
Hence ∆G(g−n−1g′) < 1 contrary to g−n−1g′ ∈ Gx ≤ ker(∆G). Thus dΓ (x0, xn+1) =
n + 1 for any non-negative integer n. Taking into account (3.1), we get αΓ (n) = n, as
required.
Remark 3.2. Let ΓG,M be the directed Cayley graph of the group G := 〈a, b|a3 = b3 =
(ab)3 = 1〉 with respect to the generating set M := {a, b}. Then it is easy to see that
αΓ (n) = n +  n−12  for all positive integers n. (In particular, αΓ (n) > n for all n > 2.)
Let Γ be a directed locally finite vertex-symmetric graph such that the underlying graph
Γ is connected. For any non-negative integer n, set
α1Γ (n) := min{m|m is a non-negative integer and Γ n(x) ⊆ Γ
m
(x) for x ∈ V (Γ )}
(the number α1Γ (n) is independent of the choice of x since Γ is vertex-symmetric). In
addition, we set α1Γ (∞) := diam(Γ ).
Let n be an arbitrary non-negative integer. Then we obviously have α1Γ (αΓ (n)) = n
in the case n < diam(Γ ), and α1Γ (αΓ (n)) = diam(Γ ) otherwise. In particular, if m is a
non-negative integer or ∞ and m ≤ αΓ (n), then
α1Γ (m) ≤ n. (3.8)
For x ∈ V (Γ ), by Γ n(x) ⊆ Γ α1Γ (n)(x), we have
diamΓ (Γ
n(x)) ≤ 2α1Γ (n). (3.9)
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4. Dynamics of cones
In this section we prove certain isoperimetric inequalities for cones of directed locally
finite vertex-symmetric graphs.
Theorem 4.1. Let Γ be a directed locally finite vertex-symmetric graph such that
the underlying graph Γ is connected, and let x ∈ V (Γ ). Then the following
assertions (1)–(3) hold.
(1) If deg+(Γ ) = deg−(Γ ), then
|Γ n(x) \ Γ n−1(x)| ≥ 1
2n
|Γ n(x)|
for any positive integer n.
(2) If Γ is infinite and deg+(Γ ) = deg−(Γ ) = d, then
|Γ n(x) \ Γ n−1(x)| ≥ 1
(d + 1)(2α1Γ (n − 1) + 1)
|Γ n−1(x)|
≥ 1
(d + 1)(2n − 1) |Γ
n−1(x)|
and hence
|Γ n(x) \ Γ n−1(x)| ≥ 1
2n + 2nd − d |Γ
n(x)|
for any positive integer n.
(3) If Γ is finite, then
|Γ n(x) \ Γ n−1(x)| ≥ 1
(d + 1)(α1Γ (n − 1) + 1)
|Γ n−1(x)|
≥ 1
(d + 1)n |Γ
n−1(x)|
and hence
|Γ n(x) \ Γ n−1(x)| ≥ 1
n + nd + 1 |Γ
n(x)|
for any positive integer n smaller than diam(Γ )2 + 1, where d = deg+(Γ ) = deg−(Γ ).
Proof. The assertion (1) of the theorem follows from Propositions 3.1 and 3.2. To prove
assertions (2) and (3) of the theorem, note that, for any positive integer n, we have
∂+Γ (Γ
n−1(x)) = Γ n(x) \ Γ n−1(x) and, by (3.9) and (3.8), diamΓ (Γ n−1(x)) ≤ 2α1Γ (n −
1) ≤ 2(n − 1). Now the assertions (2) and (3) of the theorem follow from Propositions 2.1
and 2.2, respectively.
Let Γ be a directed locally finite vertex-symmetric graph such that the underlying graph
Γ is connected and deg+(Γ ) = deg−(Γ ). Let x ∈ V (Γ ). In the case when |Γ n(x)| ≤ cnr
for some positive integers c, r and all positive integers n (i.e., in the case when Γ has
polynomial growth), the structure of Γ was described in [4,5]. Such graphs are important
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in connection with the dynamics of multivalued mappings where they arise as trajectory
graphs of integrable mappings (see [6]). In [5, Theorem 2], it was shown that the same
class of graphs is characterized by a priori weaker property that there exists an increasing
sequence of positive integers (ni )i≥0 such that |Γ ni (x)| ≤ cnri for some positive integers
c, r and all i ≥ 0. Moreover, according to [5, Remark 2], for any such graph Γ , there exist
a non-negative integer l and positive integers c1, c2 such that
1
c1
nl ≤ |Γ n(x)| ≤ c1nl
and
1
c2
nl ≤ |Γ n(x)| ≤ c2nl
for all positive integers n. As a consequence of the assertion (2) of Theorem 4.1, we have
the following.
Corollary 4.1. Let Γ be a directed locally finite vertex-symmetric graph such that the
underlying graph Γ is connected and deg+(Γ ) = deg−(Γ ). Let x ∈ V (Γ ). Suppose that
there exist an increasing sequence of positive integers (ni )i≥0 and positive integers c′, r ′
such that
|Γ ni (x) \ Γ ni −1(x)| ≤ c′nr ′i
for all i ≥ 0. Then there exists a positive integer c′′ such that
|Γ ni (x)| ≤ c′′nr ′+1i
for all i ≥ 0, and the structure of Γ is known by [5].
Remark 4.1. It follows easily from Corollary 4.1 and [5] that, for any infinite graph Γ
satisfying the hypothesis of Corollary 4.1, the function αΓ (n) has a linear upper bound.
5. A quadratic upper bound for αΓ (n)
It was conjectured in [2, Problem 15.90]1 that, for any infinite directed locally finite
vertex-symmetric graph Γ with connected underlying graph, there exists a positive integer
kΓ such that αΓ (n) ≤ kΓn for all positive integers n, i.e., αΓ (n) has a linear upper
bound. Such linear upper bound for αΓ (n) exists in many cases, including the case when
deg+Γ = deg−Γ (and the more general case when the automorphism group of Γ is not
unimodular, see Proposition 3.2), the case when |Γ n(x)| has an exponential growth (i.e.,
|Γ n(x)| ≥ cn for some real number c > 1 and all positive integers n; see (3.2)) and,
obviously, the case when each edge of Γ is contained in a directed cycle of Γ .
The following result gives a quadratic upper bound for αΓ (n) in general.
Theorem 5.1. Let Γ be a directed locally finite vertex-symmetric graph such that the
underlying graph Γ is connected. If Γ is infinite, then there exists a positive integer kd
1 In this problem, it should be assumed that Γ is infinite.
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depending only on d := min{deg+Γ , deg−Γ } (for example, we can take kd = 3(d +
1) log2(3d)) such that αΓ (n) ≤ kdn2 for any positive integer n. If Γ is finite, then there
exists a positive integer k′d depending only on d := deg+Γ = deg−Γ (for example, we can
take k ′d = 2(d + 1) log2(3d) for d > 0) such that αΓ (n) ≤ k ′dn2 for any positive integer n
smaller than diam(Γ )2 + 1.
Proof. By Proposition 3.2, we may assume deg+Γ = deg−Γ = d . In addition, we
obviously may assume d > 1. Fix x ∈ V (Γ ). If Γ is infinite and n is a positive integer,
then it follows from (3.2), the assertion (2) of Theorem 4.1 and (3.8) that
3d(2d − 1)n−1 ≥ |Γ n(x)| ≥ |Γ αΓ (n)(x)| = 1 +
αΓ (n)∑
i=1
|Γ i (x) \ Γ i−1(x)|
≥
αΓ (n)∏
i=1
(
1 + 1
(d + 1)(2α1Γ (i − 1) + 1)
)
≥
(
1 + 1
(d + 1)(2n + 1)
)αΓ (n)
≥ 2
αΓ (n)
(d+1)(2n+1) .
In particular,
αΓ (n) ≤ ((d + 1) log2(3d))n(2n + 1).
On the other hand, if Γ is finite and n is a positive integer smaller than diam(Γ )2 + 1, then it
follows from (3.2), the assertion (3) of Theorem 4.1 and (3.8) that
3d(2d − 1)n−1 ≥ |Γ n(x)| ≥ |Γ αΓ (n)(x)| = 1 +
αΓ (n)∑
i=1
|Γ i (x) \ Γ i−1(x)|
≥
αΓ (n)∏
i=1
(
1 + 1
(d + 1)(α1Γ (i − 1) + 1)
)
≥
(
1 + 1
(d + 1)(n + 1)
)αΓ (n)
≥ 2 αΓ (n)(d+1)(n+1) ,
and, as a result,
αΓ (n) ≤ ((d + 1) log2(3d))n(n + 1).
The theorem follows.
Remark 5.1. In connection with Theorem 5.1 the following question can be formulated.
Let Γ be an infinite directed locally finite vertex-symmetric graph such that the underlying
graph Γ is connected. Does there exist a positive real number c and an infinite directed
path (x0, x1, . . .) of Γ such that dΓ (x0, xi ) ≥ ci
1
2 for all non-negative integers i? We did
not consider also the question on minimal possible kd and k ′d in Theorem 5.1.
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6. Concluding remarks
Let Γ be an infinite directed locally finite vertex-symmetric graph such that the
underlying graph Γ is connected and deg+Γ = deg−Γ = d , and let x ∈ V (Γ ). In
connection with the results of this paper it is interesting to investigate a correlation between
|Γ n(x)| and |Γ n(x)| as n → ∞. In particular, it seems that usually exponential growth of
|Γ n(x)| implies exponential growth of |Γ n(x)|.
In this context the following geometric characteristic of Γ can be of certain interest. For
each non-negative integer n, set
βΓ (n) := max{m|m is a non-negative integer and
Γ
m
(y) ⊆ Γ n(x) for some y ∈ V (Γ )}.
It is easy to see that βΓ (αΓ (n)) ≤ n and αΓ (βΓ (n)) ≤ n for any non-negative integer n.
In addition,
|Γ βΓ (n)(x)| ≤ |Γ n(x)| ≤ |∂Γ (Γ n(x))| |Γ βΓ (n)+1(x)|
≤ (d + 1)|∂+Γ (Γ n(x))| |Γ
βΓ (n)+1
(x)| = (d + 1)|Γ n+1(x) \ Γ n(x)| |Γ βΓ (n)+1(x)|
for any non-negative integer n. It seems that typically the function βΓ (n) is either bounded
above by a constant or bounded below by a linear function. By the above mentioned
inequalities, in both these cases the function αΓ (n) has a linear upper bound. In fact, in the
first case, by the above mentioned inequalities, there exists a positive real number c such
that
|Γ i (x) \ Γ i−1(x)| ≥ c|Γ i−1(x)|
for any positive integer i , and as a result
3
2
(2d)n ≥ |Γ n(x)| ≥ |Γ αΓ (n)(x)| ≥ (1 + c)αΓ (n)
for any positive integer n. In the second case, by an above mentioned inequality, there
exists a positive real number c′ such that
n ≥ βΓ (αΓ (n)) ≥ c′αΓ (n)
for any positive integer n.
In addition, it seems interesting to consider algorithmic aspects of calculation of values
of functions αΓ and βΓ for graphs Γ (in particular, for graphs Γ which are Cayley graphs
of groups).
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